The ability to control scattering directionality of nanoparticles is in high demand for many nanophotonic applications. One of the challenges is to design nanoparticles producing pure highorder multipole scattering (e.g., octopole, hexadecapole), whose contribution is usually negligible compared to strong low-order multipole scattering (i.e., dipole or quadrupole). Here we present an intuitive way to design such nanoparticles by introducing a void inside them. We show that both shell and ring nanostructures allow regimes with nearly pure high-order multipole scattering. Experimentally measured scattering diagrams from properly designed silicon rings at near-infrared wavelengths (∼800 nm) reproduce well scattering patterns of an electric octopole and magnetic hexadecapole. Our findings advance significantly inverse engineering of nanoparticles from given complex scattering characteristics, with possible applications in biosensing, optical metasurfaces, and quantum communications.
Modern photonic applications involve manipulation of light at the nanoscale by means of optical resonances. There are two main families of such resonances: polaritonic resonances originating from strongly-dispersive negative dielectric permittivities (for example, plasmonpolariton resonances, supported by metallic nanoparticles), and photonic resonances utilizing high-refractiveindex dielectric materials [1, 2] . The latter is highly beneficial due to low, almost negligible absorption losses, compatibility with well-established semiconductor fabrication processes, and abundance of different optical modes (and corresponding resonances) even for simple * zenin@mci.sdu.dk † a.b.evlyukhin@daad-alumni.de symmetric shapes of dielectric nanoparticles [3] [4] [5] . The above advantages led to a broad variety of applications utilizing dielectric nanoparticles, including light manipulation with metasurfaces [6] [7] [8] [9] [10] [11] , color printing [12, 13] , lasing [14, 15] , biosensing [16] [17] [18] , strong coupling [19] [20] [21] [22] , and applications within quantum optics and topological photonics [23] [24] [25] .
The optical properties of nanoparticles can be analyzed in different ways. One of the analytical tools is the multipolar decomposition, in which a generally complex field scattered by a nanoantenna is replaced by the superposition of fields (with relatively simple patterns) generated by basic point sources, called multipole moments, corresponding to the nanoantenna's current distributions [26] . The number and type of multipole moments, which are sufficient to faithfully describe the scattered fields, are determined by the size, shape, and composition of nanoantennas. There are two basic approaches to the multipole decomposition of the scattered fields. The first is obtained from the Taylor expansion for the retarded potentials of electromagnetic fields generated by the induced electric currents in the nanoantennas. In this case, the multipole moments are determined as coefficients of the expansion and include ordinary multipole moments [27] and the so-called mean-square radii [28] [29] [30] [31] or highorder toroidal moments [32] . The far-field nanoantenna scattering is, on the other hand, rational to describe in terms of angular distributions in the spherical coordinate system with the nanoantenna being in its center. Therefore, the second approach is based on the decomposition of a scattered far field into a series of the spherical harmonics, which form a natural basis in the spherical coordinate system and are assigned to the corresponding spherical multipoles [26] . In this case, the multipole moments are directly calculated from the distribution of scattered electric field on any spherical surface enclosing the nanoantenna [33] . By expressing the generated field on the spherical surface through the source currents, the spherical multipole moments can also be calculated using the current distributions induced inside the nanoantenna [26, 33] .
Different spherical multipoles generate the electromagnetic fields with different angular far-field distributions corresponding to given combinations of the spherical harmonics. In contrast to the spherical multipole presentation, the Taylor expansion approach provides sets of multipole moments (sometimes called Cartesian to differentiate from spherical multipoles), which might generate electromagnetic fields with identical angular farfield distributions. For example, electric dipole, toroidal dipole and high-order toroidal dipole moments generate the electromagnetic fields with the identical angular far-field distribution corresponding to that generated by the spherical dipole moment [32, 34] . Simply speaking, spherical multipole moments can be calculated by properly summing all Cartesian multipole moments having the same radiation pattern, while the reverse calculation is impossible. Recently however, explicit expressions for the spherical multipole moments have been found, from which the Cartesian multipole moments can be obtained by a simple Taylor expansion of these expressions [35, 36] . Finally, it was shown that the multipole family (Cartesian or spherical) is defined by the way how the expression for the scattered field is expanded: Taylor expansion leads to the Cartesian multipole moments, and expansion into spherical harmonics leads to the spherical multipole moments [37] . In this work, we focus only on the far-field scattering, therefore only the spherical multipole decomposition is applied.
Similarly to Taylor series, where the first couple of terms represents usually the largest contribution in the expansion, only low-order multipole terms (dipoles, quadrupoles) contribute most to the total scattering from small nanoantennas, while contributions from high-order multipole terms (octopoles, hexadecapoles, and so on) are generally negligible. It is thus a non-trivial problem to find a nanoparticle, whose scattering is dominated by a contribution from high-order multipole moments. One way to get a considerable high-order multipole response is to increase the scatterer size. However, even for large scatterers, the high-order multipole contribution appears to be weak compared to strong contributions from the low-order multipole moments. Here, we solve the problem by introducing a void inside a nanoparticle without modifying its external dimensions. First, using nu-merical simulations we consider the evolution of multipole moments when increasing the diameter of a concentric spherical void inside a dielectric sphere, transforming eventually the latter into a shell nanoparticle. We find that, by introducing the void, the total scattering strength as well as the contribution from each multipole moment decreases. However, the reduction is stronger for the low-order multipole terms so that the relative contribution from the high-order multipole moments grows with the increase of the void. The same trend is also found for disk nanostructures, and we show that certain Si ring nanostructures scatter practically as the pure electric octopole or magnetic hexadecapole at the wavelength of 800 nm. This is verified by direct experimental measurements of the scattering diagram from individual nanoparticles. Our findings can be applied in biosensing, where narrow-band resonances and complex scattering patterns can boost the sensitivity and resolution. In a more general sense, our results significantly advance inverse engineering of nanoparticles, where the nanoparticle shape is to be obtained from given scattering properties. Finally, nanoparticles with such peculiar scattering properties can advantageously be used as meta-atoms for the design of metasurfaces exhibiting required complex functionalities.
SCATTERING OF SPHERE AND SHELL NANOPARTICLES
We begin by numerically analyzing the scattering produced by a Si nanoparticle of the simplest morphology -a sphere, where we introduce a void in the center and gradually transform the solid sphere into a shell ( Figure 1 ). Throughout the rest of the work, the refractive index of Si is taken from measurements of a deposited amorphous Si (see Supporting information, Figure S1 ), and the outer diameter of the sphere and shell particles is fixed to 400 nm. Mie theory [38, 39] was used to calculate the total scattering cross-section (SCS) and multipole decomposition (see Supporting information, Figures S2-S3 ). We found that the contribution from each multipole (except for the electric dipole) to the total SCS has a resonanceshape dependence on the wavelength, i.e., there is a welldefined peak (see Supporting information, Figure S2 ), whose position was determined for every void diameter and plotted on top of the total SCS map ( Figure 1d ). These resonances are narrow and well separated, so one can get nearly pure high-order multipole scattering (electric and magnetic quadrupole, and magnetic octopole) for a solid Si sphere ( Figure 1a ). A nearly pure electric octopole (EO) scattering can be found for the Si shell particle with the void diameter of 160 nm (Figure 1b Here ED, EQ, EO, and EH stand for electrical dipole, quadrupole, octopole and hexadecapole, respectively, while MD, MQ, MO, MH stand for the corresponding magnetic multipoles. The outer diameter of Si sphere/shell is 400 nm. The refractive index of the surroundings and inside the void is assumed to be n = 1.48. (d) Total SCS as a function of the free-space wavelength and void diameter for the Si sphere/shell particle. Resonances for electric (blue) and magnetic multipoles (red) are shown with lines. (e) Normalized contributions of electric (blue) and magnetic multipoles (red) to the total SCS along their resonance curves as a function of the void diameter. Normalization is done to their contribution at zero void size (i.e., for the solid sphere).
The dominant multipole and its relative contribution to the total SCS for varied void diameter can be found in Supporting information, Figure S3 .
In order to analyze the influence of the void size on the response of each multipole, we calculated their contribution to the total SCS at the resonance wavelength of the multipole, and normalized to its contribution at zero void size ( Figure 1e ). By increasing the void size, the total SCS and contributions from each multipole at its resonance decrease with a blueshift of their peaks (Figure 1d ,e). This is expected, since the total volume of Si is reduced. However, the scattering contributions from the low-order multipoles decrease faster compared to the high-order multipoles. Additionally, the contributions from electric multipoles decrease faster compared to magnetic multipoles. This can be explained as following: the multipole moment is proportional to the volume integral of j m (kr) Π (r m , j) /r m , where j m is the m-th order spherical Bessel function of the first kind, k = 2πn/λ is the wavenumber in the surrounding environment, j is the induced electric current density, r is the radius vector of the observation point, Π (r m , j) is the combination of vector and scalar product between j and m-times r, and the integration is done over the volume of the particle [35, 37] . In the above expression m = n − 1 for electric and m = n for magnetic multipoles of order n (n = 1 means dipole, n = 2 -quadrupole, etc.). Thus, the spherical Bessel function acts as a weight inside the integration, therefore the lower the multipole order, the smaller it is influenced by the suppression of the central part. The zero-order spherical Bessel function is the only one having non-zero value at the origin (see Supporting information, Figure S2i ), therefore it is only the electric dipole contribution, which is significantly influenced by the introduction of a small void ( Figure 1e ). 
SCATTERING OF DISK AND RING NANOPARTICLES
In order to test the generality of our findings, we replaced a sphere with its flat analog -a disk -and transformed it into a ring by introducing a void in its center (Figure 2) . It appeared that for the disk/ring structure multipole spectra does not have simple resonance shapes as for the sphere/shell particle, and an evolution of these spectra with a change of the void size is rather complicated (see Supporting Information, Figures S4-S7 ). However, the general trend remains the same: with the increase of the hole the contributions from low-order multipoles decrease faster, compared to the high-order multipoles. Additionally, due to the symmetry and small thickness of the particle, the contributions from electric multipoles of the odd order and magnetic multipoles of the even order are negligible, simplifying the quest to find a regime with nearly pure high-order multipole scattering. We found that at the wavelength around λ ≈ 800 nm and ring thickness of 80 nm, the scattering is dominated by the electric octopole (EO) for the ring with the inner/outer diameter of 400/800 nm (Figure 2c ), and it is dominated by the magnetic hexadecapole (MH) for the ring with the inner/outer diameter of 800/1000 nm (Figure 2f ). Here, the total scattering is calculated by numerical simulations (see Methods), from which multipole contributions are calculated, using the electric field inside the particle (in a same way as in our previous works [40, 41] ).
To confirm such selective scattering, we fabricated a series of isolated 80-nm-thick Si rings with varied inner (void) diameter and fixed outer diameter of 800 and 1000 nm. The fabrication was done by deposition of amorphous Si on a glass substrate, followed by etching through the mask (see Methods). First we measured the far-field transmission T for each ring (see Methods), plot it as extinction 1 − T , and compared with simulated total scattering ( Figure 3) .
One can already note from Figure 2 that the region with the dominant scattering by a single high-order multipole is not reflected in the total scattering spectrum. However, there are still some distinct features in spectra (dips and peaks), therefore by comparing them in measurements and simulations (Figure 3 ), one can indirectly verify the correspondence between simulations and experiments.
Then we proceeded to direct measurements of the scat- tering diagram of Si rings (see Methods). The experimentally measured scattering diagrams of rings with 400/800 nm and 800/1000 nm inner/outer diameter are shown in Figure 4 , compared with simulated total scattering diagram and analytically calculated radiation pattern of an isolated multipole. Regarding the latter, one can directly calculate contributions of the selected multipoles to the scattering diagram [37] , when their multipole moment is known (traceless and symmetrical tensors of rank 3 for octopole and rank 4 for hexadecapole). However, to simplify the analysis, we used direct expressions for the scattering diagrams of these multipoles for a perfect sphere in an even dielectric environment [39, 42] :
where θ and ϕ are the polar and azimuthal angles, respectively, and E (M ) stands for electric (magnetic) multipole (see Supporting information, Supplementary Note 1). Though dependence of multipole contributions on the wavelength and void size for disk/ring structure is quite different from the one of the sphere/shell particle, we expect similar scattering diagrams for isolated multipoles of these particles due to the same mirror symmetry of the sphere and the ring. The above assumption and the validity of simulations in general are verified by a good agreement between experiment, simulations, and analytical calculations (Figure 4) . Moreover, the scattering diagrams have a wellpronounced feature -scattering side-lobes along (Figure 4a ) or across the orientation of the incident beam polarization (Figure 4b ), which is a clear indication of the electric or magnetic multipole scattering. In case of the ring with the inner/outer diameter of 400/800 nm (Figure 4a ), scattering side-lobes are at around NA ≈ 1.25 in the Fourier plane, corresponding to the angle of arcsin(1.25/1.48) ≈ π/3, clearly confirming its electric octopole origin (see Supplementary Note 1). As for the other ring with the inner/outer diameter of 800/1000 nm (Figure 4b ), scattering side-lobes reach the maximum at around NA ≈ 1 in the Fourier plane, corresponding to the angle of arcsin(1/1.48) ≈ π/4, which is in accordance with the magnetic hexadecapole. Interestingly, the number of principal scattering lobes (6 for octopole and 8 for hexadecapole) cannot be anticipated from the multipole name, but it rather follows 2n, where n is the multipole order. This is not a contradiction, because the multipole name reflects the minimum number of oscillating point charges required to produce the given multipole moment, while it doesn't state the number of scattering lobes. The deviation between scattering diagrams of each ring and the radiation pattern of the corresponding isolated multipole is due to the interference with other multipoles' contributions (EQ, MQ, MO, and MH for the ring with the inner/outer diameter of 400/800 nm, and ED, MQ, and EO for the ring with the inner/outer diameter of 800/1000 nm, as follows from Figure 2 at λ = 800 nm). This interference can lead to a strong suppression of some scattering lobes, but their angular positions are only slightly affected, which is an indication of the dominating single high-order multipole contribution (see Supplementary Information, Figure S9 , for more discussion). The resulted asymmetry in forward/backward scattering is the so-called Mie effect [38, 43] , which is a transition between symmetric Rayleigh scattering and diffraction.
CONCLUSION
In summary, we demonstrated that the relative contribution of high-order multipoles can be boosted by introducing the void inside a high-refractive index nanoparticle. Using such a method allows finding a composition of the nanoparticle, whose scattering will be dominated by a single high-order multipole. We proved this method on a disk/ring shape, using Si as a high-refractive index material with a thickness of 80 nm. First we numerically found two structures producing nearly pure electric octopole and magnetic hexadecapole scattering. Then we fabricated such structures, directly measured their scattering diagrams, and finally verified the dominant highorder multipole contribution. Additionally to providing an intuitive understanding of the relation between shape and multipoles, our results can directly benefit applications in metasurfaces, sensing, quantum communications, and topological photonics.
METHODS
Fabrication. The rings were fabricated by etching amorphous silicon, deposited on a silica wafer. First the fresh silica wafer was cleaned using a standard RCA clean, without the HF steps. Then 80 nm of Si was deposited using LPCVD. Standard reflectometry (FilmTek 4000TM) was used to measure Si thickness and refractive index (Supporting Information, Figure S1 ). After the Si deposition, AR-P 6200 resist from Allresist was spun at 200 nm, followed by thermal evaporation of 20 nm Al to be used as discharge path during the exposure. The structures were defined by electron-beam exposure. The next step involves Al layer removal in diluted phosphoric acid and development of the resist. The patterned resist is then used as a mask for etching the Si layer using a Bosch process and then removed using low power oxygen plasma.
Numerical simulations. Scattering spectra, diagrams, and the electric field inside the structures (for multipole decomposition) were calculated using a 3D simulation with the finite-element method (FEM) implemented in a commercial software (COMSOL Multiphysics). A simulation sphere with a diameter of 2.4 µm was used with the perfectly-matched layer at the outer boundary and a tetrahedral mesh with a mesh size of ∼30 nm inside the silicon and ∼80 nm for the rest. The silicon ring was excited by a normal-incident CW plane wave, whose wavelength was swept to calculate spectra. For all calculations the permittivity value of Si was taken from measurements (Supporting Information, Figure S1 ), the refractive index of surrounding environment was set to 1.48.
Measurements of the scattering diagram. Schematic diagram of the experimental setup for measuring scattering diagrams is shown in Supporting Information, Figure S8 . The sample was illuminated using a linearly polarized Ti:Sapphire laser, tuned at a wavelength of ∼800 nm. The laser beam was weakly focused onto the sample using a 10× objective of numerical aperture NA = 0.20. The full-width-at-half-maximum (FHWM) of the focused beam spot was ∼5 µm. The scattered light was collected using a 63× oil-immersion collection objective, with a NA = 1.25. The structures on the sample were positioned facing the oil-immersion objective, embedded in the index-matching oil (n = 1.518). An imaging system, which consists of two lenses and two spatial filters, was used to image the back focal plane (BFP) of the collection objective with a charge-coupled device (CCD) camera. The BFP and its image are also referred to here as the Fourier plane, because it shows angular distribution of the scattering (i.e., scattering diagram). The two spatial filters have the following important functionalities. The first filter is a micrometric metallic ball (diameter ∼300 µm), glued on a glass substrate, and is used to stop the directly-transmitted light from reaching the CCD camera to avoid saturation. It is a Fourier-plane filter, and ideally it should be placed at the BFP inside the collection objective. Nevertheless, since the objective collimates the scattered light, the filter can be placed at the rear aperture of the objective and still produce the same filtering effect. The second filter is a pinhole, positioned at the image plane (focal point of the first lens), and is used to stop all the unwanted scattering from the surroundings of the nanostructure (i.e., from impurities in the glass substrate and oil). The images are captured with the CCD camera, located at the focal distance of the second lens, which matches with the Fourier plane.
Far-field spectroscopy. Transmission spectroscopy was performed on a standard inverted optical microscope (Zeiss Axio Observer), equipped with a halogen light source, modified detection path, and fiber-coupled spectrometer (Ocean Optics QE Pro). The light was collected using a ×100 immersion-oil objective (Zeiss α Plan-FLUAR, NA = 1.45) and the same index-matching oil (n = 1.518). Schematically the setup is similar to the one for measuring scattering diagrams (Supporting Information, Figure S8 ), allowing filtering both in Fourier and direct image planes. We used an iris diaphragm for Fourier plane to limit detected NA to ∼0.3 (in order to replicate measurements of transmitted plane wave), and another iris diaphragm was set as a filter in the image plane, corresponding to the area with a diameter of ∼3 µm in a sample plane (that is, when image plane was recorded by a camera, the opening was ∼3 times larger than the ring with the outer diameter of 1 µm). The measured transmission spectra were normalized on the transmission spectrum through the glass substrate without any structure. s1
SUPPORTING INFORMATION

Supplementary Note 1: analytical expressions for multipole scattering diagrams
The angular dependence of the scattered field in the far-field zone for a perfect sphere in an even dielectric environment is following [42] :
where θ and φ are the polar and azimuthal scattering angles, respectively, E 0 is the strength of the incident field, k is the wavevector in the surrounding environment, and n is the order of the multipole (e.g., n = 1 defines dipole, n = 2 defines quadrupole, etc.). a n (b n ) are the complex Mie coefficients, corresponding to the electric (magnetic) multipoles. P 1 n represents the set of associated Legendre polynomials of order 1, which are convenient to rewrite using following angle-dependent functions [39] :
They can be computed iteratively using following relations:
τ n = n cos θπ n − (n + 1) π n−1 , π 0 = 0, π 1 = 1.
The scattering cross-section into a unit solid angle is proportional to the square of the E-field:
therefore the scattering diagram from the given multipole of order n can be written as following:
σ En (θ, ϕ) ∝ cos 2 ϕτ n 2 + sin 2 ϕπ n 2 , σ Mn (θ, ϕ) ∝ sin 2 ϕτ n 2 + cos 2 ϕπ n 2 = σ En θ, 1 2 π − ϕ .
One can see that these angle-dependent functions define the dependence of the scattering cross-section on the polar angle θ within cross-sections at φ = 0 at φ = π/2. The table below collects explicit expressions for angle-dependent functions, 3D illustration of the scattering diagram, and its corresponding sections at φ = 0 at φ = π/2 for the first four orders of multipoles:
s2 Table S1 : scattering diagrams of the first four multipole orders and their correspondent angle-dependent functions.
One can see that the principal scattering lobes for any multipole order n > 1 are defined by the angle-dependent function τ n . Their position θ max can be easily found by taking the derivative of τ n : dτ n dθ θ=θ max = 0
Angles of non-trivial scattering lobes for octopole (n = 3) and hexadecapole (n = 4) are thus: 
Regarding the number of all scattering lobes, one can actually find two additional tiny scattering lobes for electric (magnetic) octopole and four for electric (magnetic) hexadecapole at φ = π/2 (φ = 0) section, defined by the other angle-dependent function π n . Thus the number of scattering lobes would depend on their definition, and we believe it has no fundamental direct correlation with the multipole order. The total scattering cross-section can be calculated as following [39] :
from which one can determine individual contributions from each multipole. Assume that only magnetic dipole (MD) and electric octopole (EO) are present. The asymmetry between forward (θ = 0) and backward scattering (θ = π) can be calculated using Eqs. S1 and S2:
From Eq. S3 it follows that
If backward scattering cannot be completely canceled, then the maximum asymmetry in forward/backward scattering is: s8 Figure S5 . Relative contributions from electric (blue) and magnetic multipoles (red) to the total scattering cross-section for the silicon ring with the outer diameter of 800 nm and varied internal diameter. The ring thickness is 80 nm, and the refractive index of surrounding is n = 1.48. s9 Figure S6 . Total scattering cross-section (black) and individual contributions from electric (blue) and magnetic multipoles (red) for the silicon ring with the outer diameter of 1000 nm and varied internal diameter. The sum of contributions from all considered multipoles is plotted with a green line. The ring thickness is 80 nm, and the refractive index of surrounding is n = 1.48. s10 Figure S7 . Relative contributions from electric (blue) and magnetic multipoles (red) to the total scattering cross-section for the silicon ring with the outer diameter of 1000 nm and varied internal diameter. The ring thickness is 80 nm, and the refractive index of surrounding is n = 1.48. Figure S9 . Deformation of the perfect electric octopole (EO) scattering diagram due to the interference with other multipoles contributions. (a-d) Numerically calculated scattering diagrams for a solid Si sphere at λ = 810 nm (a), Si shell with a void diameter of 160 nm at λ = 800 nm (b), Si ring with 400/800 nm inner/outer diameter at λ = 800 nm (c), and compared with the radiation diagram of isolated electric octopole (d). Center: scattering polar plot at φ = 0 (i.e., in xz-plane). Corresponding spectra for chosen particles can be found in Figures 1a,b and Figure 2c . The outer diameter of Si sphere/shell is 400 nm, and the ring thickness is 80 nm. The refractive index of the surroundings and inside the void is n = 1.48. In case of the solid sphere (a), the deconstructive interference between EO with MD leads to significant suppression of three out of the six major scattering lobes of EO. For this case σEO ≈ 51% and σMD ≈ 31%, therefore the maximum expected asymmetry in forward/backward scattering is ∼9. In case of the ring (c), interference of EO with several other multipoles leads to a significant enhancement of the forward scattering lobe, thus resulting in a strong asymmetry in forward/backward scattering. Nevertheless, the angular position of all six scattering lobes in all cases (a-c) agrees well with the one of the isolated EO, which is an indication of the dominating EO contribution.
